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ERROR ESTIMATES FOR SHOCK CAPTURING FINITE ELEMENT
APPROXIMATIONS OF THE ONE DIMENSIONAL BURGERS’
EQUATION
ERIK BURMAN∗
Abstract. We propose an error analysis in weak norms of a shock capturing finite element
method for the Burgers’ equation. The estimates can be related to estimates of certain filtered
quantities and are robust in the inviscid limit. Using a total variation apriori bound on the dis-
crete solution and an interpolation inequality error estimates in Lp-norms can are obtained using
interpolation.
1. Introduction. There exists a vast litterature on the design and convergence
of numerical methods for nonlinear scalar conservation laws dating back to the seminal
work of Krushkov [25]. Error estimates are obtained using entropy stability and the
so-called variable doubling technique. Asymptotic results have also been obtained
using entropy stability and compensated compactness.
For work on convergence and error estimates using finite difference methods we
refer to [25, 27, 14, 16, 29, 13, 17, 28], using finite volume methods to [11, 12, 7] and
finally for work on finite element methods see [23, 24, 8, 30].
For an introduction to these techniques we refer to the review article by Cockburn
[10] or the one by Tadmor [32].
In this work we adopt a strategy that is reminiscent of the negative norm estimates
introduced by Tadmor and Nessyahu in [29]. The key argument of their analysis
is to use a duality argument to get continuous dependence on initial data for the
adjoint perturbation equation of the Burgers’ equation in the Lip′-norm, i.e. the
norm associated to the dual of the space of Lipschitz-continuous functions. Provided
the numerical scheme has certain stability properties, in particular that the discrete
solution satisfies the discrete maximum principle and the Oleinik E-condition (see [31],
this continuous dependence estimate leads to estimates in a weak norm. Estimates in
general Lp-norms may then be recovered using interpolation.
Here we combine these ideas with the theory of dual weighted a posteriori error
estimates for finite element methods [24, 21] for the viscous Burgers’ equation in one
space dimension. For a shock-capturing finite element method propose to estimate
the error of certain filtered quantities associated to weighted weak norms [2]. Indeed
we apply the following differential filter to the error,
− δ2∂xxu˜+ u˜ = u(·, T ) on I (1.1)
with periodic boundary conditions on u˜ and ∂xu˜. The coefficient δ is proportional to
the filter width. Equation (1.1) naturally leads to the error norm
|‖u˜− u˜h‖|δ :=
(‖δ∂x(u˜ − u˜h)‖2 + ‖u˜− u˜h‖2) 12
where ‖·‖ denotes the L2-norm. We prove an a posteriori error estimate for this norm,
proving boundedness of the stability factors. The errors in the filtered quantities can
be associated to the estimation of certain weighted averages using a weight function
in H1.
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For the discretization we will consider two different stabilized finite element meth-
ods. In both cases the standard Galerkin method (with diagonal mass for the time
derivative) is supplemented with a term of artificial viscosity type. First the classical
linear artifical viscosity resulting in a first order scheme, related to classical upwind
schemes for finite elements and vertex cell finite volume methods and then a weakly
consistent nonlinear viscosity in the spirit of that proposed in [4]. The latter is a
shockcapturing technique related to those proposed in [23] or the entropy viscosity of
[19]. A key observation of this work is that the dual stability required for the error
estimates leads to design criteria that have to be satisfied by the shock-capturing
term.
Our main result then follows by using the discrete stability of the numerical
scheme to upper bound the residuals of the a posteriori estimate resulting in the
following error estimate
‖δ∂x(u˜− u˜h)(T )‖L2(I) + ‖(u˜− u˜h)(T )‖L2(I) ≤ C˜(u0, T ) exp(D0T )
(
h
δ2
) 1
2
(1.2)
where u˜ and u˜h are the filtered exact and computational solution respectively. The
constant in (1.2) depend only on the intial data, the mesh geometry and the final time.
We will use the notation U0 := supx∈I |πhu0(x)| and D0 := supx∈I 12∂x(u0+πhu0(x)),
where πh denotes the L
2-projection onto the finite element space. We will choose u0
as a smooth function and by the stability of the L2-projection on regular meshes we
have U0 . supx∈I |u0(x)| and D0 . supx∈I |∂xu0(x)|, so that estimates depending
on U0 and D0 are indeed mesh independent. Here and in the following we use the
notation a . b defined by a ≤ Cb with C a constant independent of h, the physical
parameters (except if they can be assumed to make an O(1) contribution) and of the
exact solution. We will also use a ∼ b for a . b and b . a. For simplicity we assume
u0 ∈ C∞(I), with all the derivatives matcing across the periodic boundaries, this does
not exclude the formation of sharp layers with gradients of order ν−1 at later times.
The derivation of the estimate (1.2) uses:
– stability estimates for the finite element method,
– maximum principles for the finite element solution and its first derivative,
– a priori stability estimates on a linearized dual problem with regularized data,
– Galerkin orthogonality and approximability.
Using a Galiardo-Nirenberg interpolation estimate and the previous stability and
error estimates we also obtain the following error estimate in the Lp-norm
‖(u− uh)(·, t)‖Lp(I) ≤ Ch
1
3p , ∀t > 0. (1.3)
The constant depends on the all the constants of the previous estimates, but is inde-
pendent of the viscosity.
All these results are obtained for the semi-discretization in space only. The exten-
sion to the fully discrete case is straightforward in the case of linear artificial viscosity
using previous results on finite difference methods, but not so immediate when nonlin-
ear viscosity is used. Indeed in the latter case implicit schemes require regularization
of the nonlinearity and the effect of which must be assessed and for explicit schemes,
even L2-stability for nonlinear viscosity methods is relatively recent [1]. We therefore
leave this aspect for future work.
2. The Burgers’ equation with dissipation. Consider the simple model case
of the Burgers’ equation with periodic boundary conditions, on the space-time domain
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Q := I × (0, T ), with I := (0, 1)
∂tu+
1
2∂xu
2 − ν∂xxu = 0 in Q
u(0, t) = u(1, t) for t ∈ (0, T )
∂xu(0, t) = ∂xu(1, t) for t ∈ (0, T )
u(x, 0) = u0(x) for x ∈ I.
(2.1)
The wellposedness of the equation (2.1) for ν ≥ 0 is well known it is also known
that for ν > 0 by parabolic regularization the solution is C∞(I). This high regularity
however does not necessarily help us when approximating the solution, since we are
interested in computations using a mesh-size that is much larger than the viscosity
and still want the bounds to be independent of high order Sobolev norms of the exact
solutions and of ν. Let us first show how standard L2-energy arguments fail when
sharp gradients develop in the solution.
2.1. L2-stability of Burgers’ equation. Consider a general perturbation η(x)
of the initial data of (2.1).
∂tuˆ+
1
2∂xuˆ
2 − ν∂xxuˆ = 0 in Q
uˆ(0, t) = uˆ(1, t) for t ∈ (0, T )
∂xuˆ(0, t) = ∂xuˆ(1, t) for t ∈ (0, T )
uˆ(x, 0) = u0(x) + η(x) for x ∈ I.
(2.2)
Taking the difference of (2.2) and (2.1) leads to the perturbation equation for eˆ := uˆ−u
with a(u, uˆ) := 12 (u + uˆ),
∂teˆ+ ∂x(a(u, uˆ)eˆ)− ν∂xxeˆ = 0 in Q,
eˆ(0, t) = eˆ(1, t) for t ∈ (0, T )
∂xeˆ(0, t) = ∂xeˆ(1, t) for t ∈ (0, T )
eˆ(x, 0) = η(x) for x ∈ I.
(2.3)
Multiplying equation (2.3) by eˆ and integrating over Q leads to the energy equality
1
2
‖eˆ(T )‖2L2(I) + ‖ν
1
2 ∂xeˆ‖2L2(Q) =
1
2
‖η‖2L2(I) −
1
2
∫
Q
(∂xa(u, uˆ))eˆ
2.
We know that due to shock formation ‖∂xa(u, uˆ)‖L∞(I) ∼ ν−1 [31]. Any attempt
to obtain control of ‖eˆ(T )‖2L2(I) in terms of the initial data will rely on Gronwall’s
lemma, leading to
‖eˆ(T )‖2L2(I) ≤ Ca‖η‖2L2(I)
with the exponential factor
Ca := exp(‖∂xa(u, uˆ)‖L∞(Q)T ) ∼ exp(T/ν).
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This factor obviously makes the estimate meaningless for large gradients/small vis-
cosities. It tells us that the energy method only gives us useful information on the
stability up to the formation of shocks. Using this type of argument in the analysis
of the finite element method leads to error estimates of the type derived in [6], useful
only for solutions with moderate gradients.
2.2. Maximum principles for Burgers’ equation. It is well known that the
equation (2.1) satisfies a maximum principle [31] on the form:
sup
(x,t)∈Q
|u(x, t)| ≤ sup
x∈I
|u0(x)|. (2.4)
This follows using standard techniques recalling the smoothness of the solution u (or
in the hyperbolic case, using the method of characteristics). For our purposes we also
need some precise information on the derivative. Since the solution of (2.1) is smooth
we may derive the equation in space to obtain the following equation for the space
derivative w := ∂xu:
∂tw + u∂xw − ν∂xxw = −w2 in Q
w(0, t) = w(1, t) for t ∈ (0, T )
∂xw(0, t) = ∂xw(1, t) for t ∈ (0, T )
w(x, 0) = ∂xu0(x) for x ∈ I.
(2.5)
Assuming that for some time t > 0 w takes its maximum in some point x ∈ I and
noting that ∂xw(x, t) = 0 and ∂xxw(x, t) < 0 it follows that ∂tw(x, t) < 0 at the
maximum and we deduce the bound:
max
(x,t)∈Q
∂xu ≤ max
x∈I
∂xu0. (2.6)
It follows by the smoothness of the initial data that the space derivative is bounded
above for all times.
3. Artificial viscosity finite element method. Discretize the interval I with
N elements and let the local mesh-size be defined by h := 1/N . We denote the
computational nodes by xi := i h, i = 0, . . . , N , defining the elements Ij := [xj , xj+1],
j = 0, . . . , N − 1, and the standard nodal basis functions {vi}Ni=0, such that vi(xj) =
δij , with δij the Kronecker delta. To impose periodic boundary conditions we identify
the node x0 with xN and define the corresponding basis function v0N : (x0, x1) ∪
(xN−1, xN ) 7→ R by v0 on (x0, x1) and by vN on (xN−1, xN ). This basis function then
replaces v0 and vN , leading to a total of N degrees of freedom. For simplicity we use
the notation v0 for the basis function v0N . The finite element space is given by
Vh :=
{
N−1∑
i=0
uivi, where {ui}N−1i=0 ∈ RN
}
.
We define the standard L2 inner product on X ⊂ I by
(vh, wh)X :=
∫
X
vhwh dx.
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The discrete form corresponding to mass-lumping reads
(vh, wh)h :=
N−1∑
i=0
vh(xi)wh(xi)h.
The associated norms are defined by ‖v‖X := (v, v)
1
2
X , for all v ∈ L2(X), if X coincides
with I the subscript is dropped, and ‖vh‖h := (vh, vh)
1
2
h for all vh ∈ Vh. Note that,
by norm equivalence on discrete spaces, for all vh ∈ Vh there holds
‖vh‖h . ‖vh‖ . ‖vh‖h.
Using the above notation the artificial viscosity finite element space semi-discretization
of (2.1) reads, given u0 ∈ C∞(I) find uh(t) ∈ Vh such that (uh(0), vh)I = (u0, vh)I
and
(∂tuh, vh)h +
(
∂x
u2h
2
, vh
)
I
+ (νˆ∂xuh, ∂xvh)I = 0, for all vh ∈ Vh and t > 0, (3.1)
where we propose two different forms of νˆ:
1. linear artificial viscosity:
νˆ := max(U0h/2, ν); (3.2)
2. nonlinear artificial viscosity:
Let 0 ≤ ǫ and
ν0(uh)|Ii :=
1
2
‖uh‖L∞(Ii) max
x∈{xi,xi+1}
|[[∂xuh]]|x|
2{|∂xuh|}|x + ǫ , (3.3)
where [[∂xuh]]|xi denotes the jump of ∂xuh over the node xi and {|∂xuh|}|xi
denotes the average of |∂xuh| over xi. If ǫ = 0 and {|∂xuh|}|xi = 0 we replace
the quotient |[∂xuh]|xi |/{|∂xuh|}|xi by zero.
Further let
ξ(uh)|Ii :=


1 if ∂xuh|Ii > 0, ∂xuh|Ii > ∂xuh|Ii+1 > 0
and ∂xuh|Ii ≥ ∂xuh|Ii−1 > 0
0 otherwise
ν1(uh)|Ii := ξ(uh)|Ii
1
2
(ν0|Ii−1
∂xuh|Ii−1
∂xuh|Ii
+ ν0|Ii+1
∂xuh|Ii+1
∂xuh|Ii
)
. (3.4)
Finally define:
νˆ(uh)|Ii := max(ν, h(ν0|Ii + ν1|Ii)). (3.5)
The rationale for the nonlinear viscosity is to add first order viscosity at local extrema
of the solution uh so that (2.4) holds also for the discrete solution and enough viscosity
at positive extrema of ∂xuh, making (2.6) carry over to the discrete setting. The most
important term is ν0, ensuring the discrete maximum principle. The other part ν1 is
merely a correction that ensures that the viscosity at local maxima of ∂xuh dominates
that of the surrounding elements. Indeed the role of the function ξ(uh) is to act as
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an indicator function for the elements where the local maxima of ∂xuh are taken and
modify the viscosity there. By construction, if ξ(uh) = 1 in one element it must be
zero in the neighbouring elements. Note that formally νˆ(uh) ≈ O(max(U0h3/2), ν)
in the smooth part of the solution, so that in principle we can expect higher order
convergence away from local extrema. Note that the perturbation ν1 close to extrema
of the gradient of the solution has no impact on the formal order. The high order
convergence properties and the effect of the regularization parameter ǫ will be explored
in the numerical section.
Remark 1. Note that in the linear case the viscosity νˆ may be written as
νˆ := νmax(1, Reh), with Reh :=
U0h
2ν
reflecting that in the high Reynolds number regime the viscosity is increased artificially
to be order h.
3.1. Existence of solution to the semidiscretized system. For the linear
method existence and uniqueness of solutions of (3.1) follows using standard methods.
First we observe that the nonlinear function of the dynamical system is locally Lip-
schitz and then anticipating the global upper bound (3.6) we conclude that a global
solution exists and is unique.
The nonlinear method obtained when (3.1) is used with the viscosity (3.5) results
in a dynamical system with discontinuous righthand side (even for ǫ > 0 the contri-
bution from ν1 introduces discontinuities). Existence of solutions to (3.1) with the
nonlinear viscosity (3.5) is obtained using Filippov theory [18]. Anticipating the re-
sults of the next section, we may conclude that a solution exists, since by the discrete
maximum principle (3.6), for fixed h, there holds
∣∣∣(∂xu2h
2
, vi
)
I
+ (νˆ∂xuh, ∂xvi)I
∣∣∣ ≤M‖vi‖L2(I)
and hence |∂tuh(x, t)| < M for all (x, t) ∈ Q. The question of uniqueness is more
involved, but we conjecture that the solution is forward unique since by construction
it satisfies the Oleinik E-condition. Indeed the decrease of the maximum derivative
by construction, rules out the so called repulsive sliding mode that is known to cause
nonuniqueness of the solution. We will not explore these issues further here but refer
the interested reader to [15]. Typically in practice the system (3.1) will be discretized
in time using an explicit time stepping scheme which, by definition, will produce a
unique discrete solution. In the following we will prove that any solution to (3.1) will
satisfy certain uniform bounds and converge to the exact solution at a certain rate.
3.2. Maximum principles for the discrete solution. Maximum principles
give local estimates of the behavior of the solution and they rarely carry over to the
discrete method. There are however stabilized methods that are specially designed to
make a discrete maximum principle hold, see for instance [33, 5] for linear convection–
diffusion problems and [26, 4] for maximum principle satisfying finite element methods
for conservation laws.
In [4] it was shown that the discrete equivalent of (2.4), together with energy
stability of the discrete solution is sufficient to prove the convergence of the approx-
imation sequence to the entropy solution. For our purposes herein however it is not
sufficient, but we also need to prove a discrete equivalent of the bound (2.6) on the
gradient. We collect the monotonicity results we need in the following lemma. For
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clarity of the exposition we first give the proofs in the case ǫ = 0 and then discuss
how the regularization modifies the bounds.
Lemma 3.1. Let uh be the solution of (3.1) either using the linear viscosity (3.2)
or the nonlinear viscosity (3.5) and ǫ = 0. Then the following bounds hold:
sup
(x,t)∈Q
|uh(x, t)| ≤ U0 . max
x∈I
|u0(x)|, (3.6)
sup
(x,t)∈Q
∂xuh(x, t) ≤ max
x∈I
∂xuh(x, 0) . max
x∈I
|∂xu0(x)|. (3.7)
Proof. The proof of (3.6) is an immediate consequence of the fact that the space
discretization has the DMP-property introduced in [5].
For the case of linear artificial viscosity, first assume that for some time t∗ there
holds maxx∈I |uh(x, t∗)| ≤ U0, then show that this implies
max
t≥t∗
max
x∈I
|uh(x, t)| ≤ U0 (3.8)
and conclude noting that the assumed inequality holds for t∗ = 0, since
max
x∈I
|uh(x, 0)| =: U0.
First we compute∫
I
uh∂xuhvi dx =
h2
3
(∂xuh|Ii−1 )2 +
h2
6
(∂xuh|Ii)2
+
h
2
uh(xi−1, t
∗)∂xuh|Ii−1 +
h
2
uh(xi, t
∗)∂xuh|Ii (3.9)
Assuming that uh has a local max in xi at t = t
∗ it follows that, for linear viscosity
h∂tuh(xi, t
∗) = −(uh∂xuh, vi)I − (νˆ∂xuh, ∂xvi)I
≤ −h
2
(U0 −max(|uh(xi−1, t∗)|, |uh(xi, t∗)|)) (|∂xuh|Ii−1 |+ |∂xuh|Ii |) ≤ 0.
It follows that ∂tuh(xi, t
∗) ≤ 0 and hence the local maximum can not grow. The case
of a local minimum is similar.
For nonlinear viscosity on the form (3.3), since at a local maximum |[[[∂xuh]]]| =
2{|∂xuh}, we deduce that
νˆ(uh)|Ii = ‖uh(·, t∗)‖L∞(Ii)h/2 = max(|u(xi, t∗)|, |u(xi+1, t∗)|)h/2
and the same conclusion follows. To reduce the notation below we drop the argument
t∗.
We will show (3.7) by first proving that the maximum gradient must be decreasing,
and then applying the stability of the L2 projection. Hence it is sufficient to prove
that ∂tmaxi ∂xuh|Ii ≤ 0 in Q to conclude.
We first give the proof for the linear artificial viscosity. We will prove that the
discrete gradient is bounded by the gradient of the discrete initial data.
sup
(x,t)∈Q
∂xuh(x, t) ≤ sup
x∈I
∂xπhu0.
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Starting from (3.1), we let Ii be any element where ∂xuh|Ii has a local maximum, in
the sense ∂xuh|Ii ≥ ∂xuh|Ii±1 ≥ 0.
∂t∂xuh|Ii = −
1
h
∫ xi+2
xi−1
uh∂xuh(vi+1 − vi) dx−
1
h
∫ xi+2
xi−1
νˆ∂xuh∂x(vi+1 − vi) dx = T1 + T2.
Decomposing the integral T1 on the contributions from vi and vi+1 we have using
(3.9) and some minor manipulations
T1 = −1
6
h(∂xuh|Ii−1)2 −
2
3
h(∂xuh|Ii)2 −
1
6
h(∂xuh|Ii+1)2
− 1
2
uh(xi)(∂xuh|Ii − ∂xuh|Ii−1)−
1
2
uh(xi+1)(∂xuh|Ii+1 − ∂xuh|Ii).
Since the derivative takes its max value in Ii we have for T2
T2 = − 1
h
∫ xi+2
xi−1
νˆ∂xuh∂x(vi+1 − vi) dx
= h−1((νˆ(uh)∂xuh)|Ii−1 − 2(νˆ(uh)∂xuh)|Ii + (νˆ(uh)∂xuh|Ii+1)) ≤ 0.
Collecting the above expressions and using that νˆ ≥ 12U0h, and we obtain
T1 + T2 ≤ −1
6
h(∂xuh|Ii+1)2 −
2
3
h(∂xuh|Ii)2 −
1
6
h(∂xuh|Ii−1)2
− 1
2
(U0 + uh(xi))︸ ︷︷ ︸
≥0
(∂xuh|Ii − ∂xuh|Ii−1 )︸ ︷︷ ︸
≥0
− 1
2
(U0 − uh(xi+1))︸ ︷︷ ︸
≥0
(∂xuh|Ii − ∂xuh|Ii+1)︸ ︷︷ ︸
≥0
≤ 0.
This proves that ∂tmaxi ∂xuh|Ii ≤ 0 and therefore the maximum space derivative is
alway decreasing. The global upper bound (3.7) is immediate by the stability of the
L2-projection. Note that by the non-monotonicity of the L2-projection there is now
an absolute value on the derivative of the initial data.
In the case of the nonlinear viscosity given by (3.5) we first show that the time
derivative of the gradient must be negative in cells with ξ(uh) = 1. Then we show that
any adjacent element, cannot grow either due to the design of the nonlinear switch.
In this case have after integration
T1 + T2 = −1
6
h(∂xuh|Ii+1)2 −
2
3
h(∂xuh|Ii)2 −
1
6
h(∂xuh|Ii−1)2
+ h−1((νˆ(uh)∂xuh)|Ii−1 − 2(νˆ(uh)∂xuh)|Ii + (νˆ(uh)∂xuh|Ii+1))
− 1
2
uh(xi)(∂xuh|Ii − ∂xuh|Ii−1 ) +
1
2
uh(xi+1)(∂xuh|Ii − ∂xuh|Ii+1). (3.10)
First observe that the case where either xi or xi+1 is a local extremum can be excluded,
since then ν0|Ii = 12‖uh‖L∞(I) and by observing the sign of the contribution of the
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derivative from the neighbouring cells in the viscosity terms of line two and three of
(3.10). The other terms are controlled as in the linear theory with minor modifications.
Since the gradient has a local max in Ii, in the sense that ξ(uh)|Ii = 1 there holds
νˆ(uh)|Ii =
1
2
(ν0(uh)|Ii−1
∂xuh|Ii−1
∂xuh|Ii
+ ν0(uh)|Ii+1
∂xuh|Ii+1
∂xuh|Ii
) + ν0(uh)|Ii
and since by construction ξ(uh)|Ii±1 = 0, we have in the neighbouring cells,
νˆ(uh)|Ii±1 = ν0(uh)|Ii±1 .
Using the values of νˆ the contribution from the viscous part of the differential operator
may be bounded as
(νˆ(uh)∂xuh)|Ii−1 − 2(νˆ(uh)∂xuh)|Ii + (νˆ(uh)∂xuh|Ii+1) = −2hν0(uh)|Ii∂xuh|Ii .
(3.11)
For the two last terms in the right hand side of (3.10) we note that, assuming first
uh(xi+1) ≥ uh(xi) ≥ 0,
− 1
2
uh(xi)(∂xuh|Ii − ∂xuh|Ii−1)︸ ︷︷ ︸
≥0
+
1
2
uh(xi+1)(∂xuh|Ii − ∂xuh|Ii+1)
≤ ν0(uh)|Ii(|∂xuh|Ii |+ |∂xuh|Ii+1 |) (3.12)
Collecting (3.11) and (3.12), (3.10) can be upper bounded in the following fashion,
recalling that ∂xuh|Ii > ∂xuh|Ii+1 > 0:
T1 + T2 ≤ −1
6
h(∂xuh|Ii+1)2 −
2
3
h(∂xuh|Ii)2 −
1
6
h(∂xuh|Ii−1)2
− 2ν0(uh)|Ii∂xuh|Ii + ν0(uh)|Ii (|∂xuh|Ii |+ |∂xuh|Ii+1 |) ≤ 0. (3.13)
The case 0 ≥ uh(xi+1) ≥ uh(xi) is similar observing that in that case the last term in
the right hand side of (3.10) is negative. In case uh(xi) < 0 < uh(xi+1) we observe
that only the treatment of the first contribution of the last line of (3.10) must be
modified. We note that
−1
2
uh(xi)(∂xuh|Ii − ∂xuh|Ii−1) ≤
1
2
h(∂xuh|Ii)2
and that this term is cancelled by the second term of the right hand side in the first
line of (3.10).
Finally we must check that the gradient can not increase in any portion of the
domain where the gradient is constant at the maximum value over several elements
from Im to In, m < n, at some time t
∗. First note that for all elements Im+2, ..., In−2
the derivative is decreasing, since only the first three terms of the right hand side
of (3.10) are non-zero. By construction ξ(uh)|In = 1 and hence the derivative is
decreasing in In. As a consequence the derivative in In−1 is either decreasing at the
time t∗ or will have ξ|In−1 = 1 at t∗ + ε for all ε > 0 and hence be non-increasing.
Similarly for Im and Im+1, the derivatives can not grow at the same rate in both cells
since then ξ|Im+1 = 1 at t∗ + ε for all ε > 0, since its right hand side neighbour has
decreasing space derivative. If, on the other hand the time derivative of the derivative
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is the largest in Im at time t = t
∗ then ξ|Im = 1 at t∗ + ε for all ε > 0, and hence the
derivative can not grow. This case of several adjacent cells over which the gradient is
constant is what can give rise to the so called attractive sliding mode in the Filippov
theory.
Remark 2. First observe that if ν1 = 0 it is not difficult to find uh for which
∂tmaxi ∂xuh|Ii > 0, so the above technique of proof requires the contribution from ν1,
whether or not it is really necessary in practice remains unclear.
It was shown in [4] that a consequence of the bound (3.1) is that the total variation
of uh diminuishes. We recall the result without proof.
Corollary 3.2. Let uh be the solution of (3.1), then there holds, for all t ≥ 0
TV (uh(·, t)) :=
∫
I
|∂xuh(·, t)| dx ≤ TV (uh(·, 0)).
3.2.1. The effect of non-zero regularization parameter ǫ. In practice it
may be practical to use a value on ǫ that is related to the mesh size, in particular
if implicit solvers are used it is known that the regularized shock-capturing term
has smoother convergence properties. This will result in a modification of the upper
bounds (3.6) and (3.7), but as we show below, the maximum principles can only be
violated by an O(ǫ).
Proposition 3.3. Let 0 < ǫT < 1 in (3.3), let uh be the solution of (3.1), then
there holds
‖uh(·, T )‖L∞(I) ≤ (1 + ǫT )U0 (3.14)
and
max
(x,t)∈Q
∂xuh(x, t) ≤ max
x∈I
∂xuh(x, 0) + U0(1 + ǫT )ǫT. (3.15)
Proof. Assume for simplicity that uh ≥ 0 and that uh takes a global (positive)
maximum in xi that will grow with the maximum rate throughout the computation.
Introduce the notation
g1 := |∂xuh|Ii−1 |, g2 := |∂xuh|Ii |.
Recall that at a local maximum of uh, ξ(uh) = 0 and therefore νˆ(uh) = max(ν, ν0(uh)).
Assume that the maximum is taken for ν0(uh). Then by (3.9)
∂tuh(xi) ≤ 1
2
uh(xi)(g1 + g2)− h−1νˆh(uh)|Ii−1g1 − h−1νˆh(uh)|Iig2)
≤ 1
2
uh(xi)(g1 + g2 − (g1 + g2)
2
g1 + g2 + ǫ
) ≤ 1
2
uh(xi)ǫ.
By Gronwall’s lemma it follows that
uh(xi, T ) ≤ U0e 12 ǫT .
Since ex < 1 + x/(1− x) we conclude, using the assumption that ǫT < 1,
uh(xi, T ) ≤ U0(1 + ǫT ).
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To obtain the inequality (3.15) we reason in a similar fashion starting from the equa-
tion (3.10) and using (3.14). The regularization only comes into effect at the step
(3.12) and we observe that in this case
− 1
2
uh(xi)(∂xuh|Ii − ∂xuh|Ii−1) +
1
2
uh(xi+1)(∂xuh|Ii − ∂xuh|Ii+1)
≤ ν0(uh)|Ii (|∂xuh|Ii |+ |∂xuh|Ii+1 |+ ǫ). (3.16)
This then leads to the bound
∂t∂xuh|Ii ≤ −
1
6
h(∂xuh|Ii+1)2 −
2
3
h(∂xuh|Ii)2 −
1
6
h(∂xuh|Ii−1)2 +
1
2
uh(xi+1)ǫ.
Integrating in time shows that
max
(x,t)∈Q
∂xuh ≤ max
x∈I
∂xuh(x, 0) + U0(1 + ǫT )ǫT.
A regularization of ξh can also be performed and analysed with similar outcome for the
estimate (3.7). These perturbations of the discrete maximum principle then modifies
the result (3.2). Assuming that the maximum violation takes place in every node in
the mesh it is straightforward to show that the total variation remains upper bounded
uniformly in h and with linear growth in T , provided ǫ ≤ O(h).
3.3. Energy stability. Our estimates rely on stability of the numerical scheme
and regularity of the dual perturbation equation. We need to control certain Sobolev
norms of the discrete solution in energy type estimates similar to that of the continuous
problem. The proof of the below estimates can be simplified in the linear case and
the inverse estimate on the L∞-norm that is only valid in one dimension can then be
avoided. Here we only give the proof valid both in the linear and in the nonlinear
case.
Lemma 3.4. The solution uh of the formulation (3.1) with either the linear
artificial viscosity given by (3.2) or the nonlinear one of (3.5) with ǫ = 0, satisfies
the upper bounds
‖uh(T )‖+ ‖νˆ 12 ∂xuh‖Q . ‖u0‖ (3.17)
‖∂tuh‖Q . (U0T 12h− 12 + ν 12 )‖∂xu0‖. (3.18)
Proof. The estimate (3.17) is immediate by taking vh = uh and noticing, by inte-
gration by parts and the periodic boundary conditions, that the nonlinear transport
term vanishes. By norm equivalence and the stability of the L2-projection
‖uh(T )‖ . ‖uh(T )‖h and ‖uh(0)‖h . ‖u0‖.
The second estimate follows by taking vh = ∂tuh to obtain∫ T
0
‖∂tuh‖2h dt = −
∫ T
0
(uh∂xuh, ∂tuh)I dt−
∫ T
0
(νˆ∂xuh, ∂x∂tuh)I dt. (3.19)
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First note that by Corollary 3.2 and (3.6) we have, since TV (uh) ≤ meas(I) 12 ‖∂xuh‖,∫ T
0
(uh∂xuh, ∂tuh)I dt ≤ U0TV (uh(·, 0))
∫ T
0
‖∂tuh(·, t)‖L∞(I) dt
. U0‖∂xuh(·, 0)‖T 12h− 12 ‖∂tuh‖Q. (3.20)
For the last term in the right hand side of (3.19) we observe that,
∫ T
0
(νˆ∂xuh, ∂x∂tuh)I dt
=
∫ T
0
(max(0, νˆ − ν)∂xuh, ∂x∂tuh)I dt+
∫ T
0
(ν∂xuh, ∂x∂tuh)I dt
≤ TV (uh(·, 0))
∫ T
0
‖νˆ∂x∂tuh‖L∞(I) dt+
1
2
‖ν∂xuh(·, T )‖2 − 1
2
‖ν∂xuh(·, 0)‖2
. U0‖∂xuh(·, 0)‖h− 12 T 12 ‖∂tuh‖L2(Q)
+
1
2
‖ν 12 ∂xuh(·, T )‖2 − 1
2
‖ν 12 ∂xuh(·, 0)‖2. (3.21)
Hence by applying (3.20) and (3.21) in the right hand side of (3.19) and norm equiv-
alence in the left hand side of (3.19) we obtain the bound
‖∂tuh‖2Q ≤ Cq
∫ T
0
‖∂tuh‖2h dt
≤ C2q 2U20‖∂xuh(·, 0)‖2Th−1 +
1
2
‖∂tuh‖2L2(Q) + C2q
ν
2
‖∂xuh(·, 0)‖2.
The conclusion is immediate.
4. The linearized dual adjoint. We introduce the linearized adjoint problem
−∂tϕ− a(u, uh)∂xϕ− ν∂xxϕ = 0 in Q,
ϕ(0, t) = ϕ(1, t) for t ∈ (0, T ],
∂xϕ(0, t) = ∂xϕ(1, t) for t ∈ (0, T ],
ϕ(x, T ) = ψ(x) for x ∈ I,
(4.1)
where a(u, uh) := (u + uh)/2. The rationale for the dual adjoint is the following
derivation of a perturbation equation for the functional of the error |(e(T ), ψ)I |, where
e(T ) := u(T )− uh(T ).
|(e(T ), ψ)I | = |(e(T ), ψ)I +
∫ T
0
(e,−∂tϕ− a(u, uh)∂xϕ− ν∂xxϕ)I dt|
= |(e(0), ϕ(0))I +
∫ T
0
(∂te+ ∂x(a(u, uh)e), ϕ)I dt+
∫ T
0
(ν∂xe, ∂xϕ)I dt|
= |(e(0), ϕ(0))I −
∫ T
0
(∂tuh + uh∂xuh, ϕ)I dt−
∫ T
0
(ν∂xuh, ∂xϕ)I dt|. (4.2)
12
This relation connects the error to the computational residual weighted with the so-
lution to the adjoint problem and can lead both to a posteriori error estimates and to
a priori error estimates, provided we have sufficient information on the stability prop-
erties of the numerical discretization methods and of the dual problem. The a poste-
riori error estimate uses techniques similar to the now classical dual weighted residual
method, however in our case we can estimate the dual weights analytically, accounting
for perturbations, both in the discrete and the continuous solution. Combining the a
posteriori bounds with strong stability properties of the numerical method, leads to a
priori upper bounds of the a posteriori quantities, showing that these must converge
and in consequence that the error goes to zero. Before proceeding with this analysis
we derive an a priori estimate for the derivatives of the dual adjoint (4.1).
4.1. Wellposedness and stability. Since a(u, uh) ∈ W 1,∞(I) the problem
(4.1) has a unique solution and one may show that it satisfies the maximum principle
max
(x,t)∈Q
|ϕ(x, t)| ≤ max
x∈I
|ψ(x)|.
The following stability estimate follows easily by standard energy methods
Lemma 4.1. Let ϕ be the solution to (4.1) then there holds
sup
t∈(0,T )
‖∂xϕ(·, t)‖2 + ν‖∂xxϕ‖2Q . exp(D0T )‖∂xψ‖2. (4.3)
Proof. Multiply the equation (4.1) by −∂xxϕ and integrate over I × (t, T )
‖∂xϕ(·, t)‖2 + 2
∫ T
t
ν‖∂xxϕ‖2 dt = ‖∂xψ‖2 − 2
∫ T
t
(a(u, uh)∂xϕ, ∂xxϕ) dt. (4.4)
Note that, by an integration by parts and the maximum principles (3.6) and (3.7)
2
∫ T
t
(a(u, uh)∂xϕ, ∂xxϕ)I dt = −
∫ T
t
(∂xa(u, uh)∂xϕ, ∂xϕ) dt
≥ −D0
∫ T
t
‖∂xϕ‖2 dt.
The result in L∞(0, T ;L2(I)) follows from the Gronwall’s lemma and taking the supre-
mum over t ∈ (0, T ) of the resulting expression
‖∂xϕ(·, t)‖2 . exp(D0t)‖∂xψ‖2.
The result for the second derivatives then follows by using this expression to bound
the right hand side of (4.4)
2
∫ T
0
ν‖∂xxϕ‖2 dt ≤ ‖∂xψ‖2 +
∫ T
0
(∂xa(u, uh)∂xϕ, ∂xϕ) dt
. ‖∂xψ‖2
(
1 +D0
∫ T
0
exp(D0t) dt
)
= exp(D0T )‖∂xψ‖2.
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5. Error estimates for filtered quantities. We will consider the differential
filter defined in (1.1), where δ denotes a filter width to be specified. The norm
associated to the differential filter is given by
|‖u˜‖|δ := (‖δ∂xu˜‖2 + ‖u˜‖2) 12 .
We introduce the filtered error e˜ := u˜− u˜h, where u˜ and u˜h denote the filtered exact
and approximate solutions respectively obtained by solving (1.1) with u and uh as
right hand side. The analysis uses the stability properties of the adjoint perturbation
equation (Lemma 4.1) and the stability properties of the discrete problem (Lemma
3.4) to derive first a posteriori error bounds for the filtered quantities and then a
priori bounds by upper bounding the a posteriori residuals, by a priori quantities.
Theorem 5.1. Let u be the solution of (2.1), uh be the solution of (3.1). Then
the following holds:
• A posteriori upper bound
|‖e˜(T )‖|δ . exp(D0T )
(
h
δ2
) 1
2 (
h
1
2 ‖(u− uh)(0)‖+ h 12
∫ T
0
inf
vh∈Vh
‖vh + uh∂xuh‖ dt
+ h
3
2
∫ T
0
‖∂x∂tuh‖ dt+
∫ T
0
‖max(0, νˆ − ν) 12 ∂xuh‖ dt
+ h
(∫ T
0
ν‖[∂xuh]‖2N dt
) 1
2
)
, (5.1)
where
‖[∂xuh]‖N :=
(
N−1∑
i=0
(∂xuh(xi)|Ii+1 − ∂xuh(xi)|Ii )2
) 1
2
,
with IN identified with I0 by periodicity.
• A priori upper bound
|‖e˜‖|δ . exp(D0T )
(
h
δ2
) 1
2 ((
h
1
2 +U
1
2
0
√
T
)
‖u0‖+(TU0+h 12 ν 12 )‖∂xu0‖
)
.
(5.2)
Proof. Let ψ = e˜(T ) in the definition (4.1) of the dual adjoint problem. Using
the design of the dual problem and the definition of e˜ we have by the relation (4.2)
|‖e˜(T )‖|2δ = (δ∂xe˜(T ), ∂xe˜(T ))I + (e˜(T ), e˜(T ))I = (e(T ), e˜(T ))I
= (e(0), ϕ(0))I −
∫ T
0
(∂tuh + uh∂xuh, ϕ)I dt−
∫ T
0
(ν∂xuh, ∂xϕ)I dt.
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Taking vh = πhϕ, with πh denoting the standard L
2-projection, in (3.1) and adding
to the above expression yields
|‖e˜‖|2δ = (e(0), ϕ(0))I −
∫ T
0
(∂tuh + uh∂xuh, ϕ)I dt−
∫ T
0
(ν∂xuh, ∂xϕ)I dt
+
∫ T
0
(∂tuh, πhϕ)h dt+
∫ T
0
(uh∂xuh, πhϕ)I dt+
∫ T
0
(νˆ∂xuh, ∂xπhϕ)I dt
= (e(0), ϕ(0))I︸ ︷︷ ︸
T0
−
∫ T
0
(∂tuh + uh∂xuh, ϕ− πhϕ)I dt︸ ︷︷ ︸
T1
−
∫ T
0
((∂tuh, πhϕh)I − (∂tuh, πhϕh)h) dt︸ ︷︷ ︸
T2
−
∫ T
0
(ν∂xuh, ∂x(ϕ− πhϕ))I dt︸ ︷︷ ︸
T3
+
∫ T
0
(max(0, νˆ(uh)− ν)∂xuh, ∂xπhϕ)I dt︸ ︷︷ ︸
T4
.
Now consider the terms T0 to T4 term by term. First use the orthogonality (e0, vh)I =
0 for all vh ∈ Vh,
T0 = (e(0), ϕ− πhϕ)I . ‖e0‖h sup
t∈(0,T )
‖∂xϕ(t)‖.
Similarly for all wh ∈ Vh there holds
T1 = −
∫ T
0
(wh + uh∂xuh, ϕ− πhϕ)I dt
≤
∫ T
0
‖wh + uh∂xuh‖ dt sup
t∈(0,T )
‖(ϕ− πhϕ)(t)‖
and hence
T1 . h
∫ T
0
inf
vh∈Vh
‖vh + uh∂xuh‖ dt sup
t∈(0,T )
‖∂xϕ(t)‖.
Let Ih denote the standard Lagrange interpolant. By the definition of the discrete
L2-inner product (·, ·)h we have
T2 = −
∫ T
0
∫
I
(∂tuhπhϕ− Ih(∂tuhπhϕ)) dxdt
≤
∫ T
0
∫
I
h2|∂x∂tuh∂xπhϕ| dxdt .
∫ T
0
h2‖∂x∂tuh‖‖∂xπhϕ‖ dt
.
∫ T
0
h2‖∂x∂tuh‖ dt sup
t∈(0,T )
‖∂xϕ(t)‖.
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For T3 we have after an integration by parts and using a trace inequality followed by
approximation
T3 =
∫ T
0
N−1∑
i=0
ν(∂xuh(xi)|Ii+1 − ∂xuh(xi)|Ii)(ϕ(xi)− πhϕ(xi)) dt
.
∫ T
0
ν‖[∂xuh]‖N(h− 12 ‖ϕ− πhϕ‖+ h 12 ‖∂x(ϕ− πhϕ)‖) dt
.
(∫ T
0
ν‖[∂xuh]‖2N dt
) 1
2
h
3
2 ‖ν 12 ∂xxϕ‖Q
Finally the non-consistent artificial viscosity term is controlled using the Cauchy-
Schwarz inequality and the H1-stability of the L2-projection ‖∂xπhϕ‖ . ‖∂xϕ‖
T4 ≤ max
i
νˆ|Ii
∫ T
0
‖max(0, νˆ − ν) 12 ∂xuh‖ dt sup
t∈(0,T )
‖∂xϕ(t)‖
. (U0h)
1
2
∫ T
0
‖max(0, νˆ − ν) 12 ∂xuh‖ dt sup
t∈(0,T )
‖∂xϕ(t)‖.
Collecting the bounds for T0 − T4 and using the stability estimate (4.3) we have
|‖e˜(T )‖|2δ . exp(D0T )
(
h
δ2
) 1
2 (
h
1
2 ‖e(0)‖+ h 12
∫ T
0
inf
vh∈Vh
‖vh + uh∂xuh‖ dt
+ U
1
2
0
∫ T
0
‖max(0, νˆ − ν) 12 ∂xuh‖ dt+ h 32
∫ T
0
‖∂x∂tuh‖ dt
+ h
(∫ T
0
ν‖[[∂xuh]]‖2N dt
) 1
2)
|‖e˜(T )‖|δ (5.3)
from which (5.1) follows.
The a priori error estimate now follows by using discrete stability to bound the
residuals. Since we do not assume any regularity of the exact solution we can not as-
sume that any stronger bounds hold. Note that by a well known discrete interpolation
estimate [3] the convective residual may be bounded,
inf
vh∈Vh
‖h 12 (vh − uh∂xuh)‖ . h‖[[uh∂xuh]]‖N .
Using that
h[uh∂xuh]|xi ≤ h|uh(xi)|
( |[[∂xuh]]|
2{|∂xuh|}+ ǫ
)
|xi
(|∂xuh||Ii−1 + |∂xuh||Ii + ǫ)
≤ (νˆ(uh)∂xuh)|Ii−1 + (νˆ(uh)∂xuh)|Ii + hU0ǫ
we may deduce
inf
vh∈Vh
‖h 12 (vh − uh∂xuh)‖ . U
1
2
0 ‖νˆ
1
2 ∂xuh‖+ h 12U0ǫ.
16
In the linear case the inequality is trivial by taking vh = 0 and using (3.6).
Then use the Cauchy-Schwarz inequality in time for the two terms of the second
line of (5.3), an inverse inequality for the second term in the second line and a trace
inequality for the last term of (5.3).
|‖e˜(T )‖|δ . exp(D0T )
(
h
δ2
) 1
2 (
h
1
2 ‖e(0)‖+ (h 12 + U
1
2
0
√
T )‖νˆ 12 ∂xuh‖Q
+ h
1
2
√
T‖∂tuh‖Q + T 12 h 12U0ǫ
)
.
We conclude by applying the stability estimates and (3.17) and (3.18) leading to
|‖e˜‖|δ . exp(D0T )
(
h
δ2
) 1
2 (
(h
1
2 + U
1
2
0
√
T )‖u0‖
+ (TU0 + h
1
2 ν
1
2 )‖∂xu0‖+ T 12 h 12U0ǫ
)
.
Observe that the above estimate is independent both of the regularity of the exact
solution and of the flow regime.
Remark 3. Note that if instead the initial data uh(x, 0) is chosen as the nodal in-
terpolant of u0, Ihu0, we may define U0 = maxx∈I |u0(x)| and D0 = maxx∈I ∂xu0(x).
On the other hand we can no longer use L2-orthogonality in the upper bound for T0.
It appears that in that case we must use the maximum principle of the dual problem
to obtain
T0 = (e(0), ϕ)I . ‖e(0)‖L1(I)‖ϕ(0)‖L∞(I)
≤ ‖e(0)‖L1(I)‖Ψ‖L∞(I) . δ−1‖e(0)‖L1(I)|‖e˜‖|δ
.
(
hs
δ
)
‖∂sxu0‖L1(I)|‖e˜‖|δ, s = 1, 2.
The global convergence order will be the same, but it appears that the error contribution
from the initial data will be larger and the factor ‖∂sxu0‖L1(I) must be added to the
right hand side of (5.2). Another downside to this approach is that it only works in
one space dimension, whereas before only the energy stability estimates of Lemma 3.4
used one dimensional inverse inequalities.
Remark 4. We have kept the dependence on the regularization parameter ǫ in the
above proof. This shows the effect of regularization on the computational error under
the assumption that (3.2) still holds under regularization.
Remark 5. Since all these estimates are independent of ν they are also valid for
the purely hyperbolic case, with u the entropy solution.
6. Lp-error estimates using interpolation. Using the estimate of the filtered
error of Theorem 5.1 together with the TV -a priori bound of the discrete solution of
Corollary 3.2 we may now use an interpolation argument to prove an estimate of the
error in Lp-norm. Below we omit the dependence in time in all arguments for clarity
of exposition.
Theorem 6.1. Let u be the solution of (2.1) and uh the solution of (3.1) for
which the conclusion of Theorem 5.1 holds. Then for t > 0,
‖u− uh‖Lp(I) . h
1
3p , 1 ≤ p <∞,
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where the hidden constant depends only on the constants of Theorem 5.1 and Corollary
3.2.
Proof. Let e˜ be the filtered error obtained taking δ = 1 in (1.1). By definition
and using the triangle inequality and Sobolev injection there holds
‖u− uh‖Lp(I) ≤ ‖∂xxe˜‖Lp(I) + ‖e˜‖Lp(I) . ‖∂xxe˜‖Lp(I) + |‖e˜‖|1.
By the Galiardo-Nirenberg interpolation inequality there holds
‖∂xxe˜‖Lp(I) . ‖∂3xe˜‖
1− 2
3p
L1(I)‖∂xe˜‖
2
3p
L2(I).
Then by adding and subtracting ∂xe˜ in the first factor we have after a triangle in-
equality, using the definition of e˜
‖∂3xe˜‖
1− 2
3p
L1(I)‖∂xe˜‖
2
3p
L2(I) ≤ (‖∂x(u− uh)‖L1(I) + ‖∂xe˜‖L2(I))1−
2
3p ‖∂xe˜‖
2
3p
L2(I).
We conclude using the bound TV (u) . TV (u0), Corollary 3.2 and Theorem 5.1 that
‖u− uh‖Lp(I) . h
1
3p + h
1
2 .
7. Comparison with the theory of Nessyahu-Tadmor. Comparing with
the estimates obtained in [29]
‖u− uh‖Lp(I) ≤ h
1
2p (7.1)
we see that we are suboptimal by an order of h
1
6p . This loss of convergence is due
to the fact that we need to control the L2-norm of the convective residual using the
stabilization resulting in the classical loss of h
1
2 . If the residual had been in L1 it would
have been a priori bounded by Corollary 3.2 and we could recover the convergence
(7.1). This program is indeed possible to carry out as we will show in this section.
We follow the abstract framework proposed in [32, Section 4.2]. First we recall the
Lip-norm and the associated dual semi-norm,
‖u‖Lip := ess supx 6=y
∣∣∣∣u(x)− u(y)x− y
∣∣∣∣ ,
‖u‖Lip′ := sup
v∈Lip,‖v‖Lip=1
(u− u¯, v), u¯ :=
∫
I
u dx.
We also need to measure functions one-sided Lipschitz continuity,
‖u‖Lip+ := ess supx 6=y
(
u(x)− u(y)
x− y
)
+
.
We can then prove the result,
Proposition 7.1. Let u be the entropy solution of (2.1) with ν = 0 and uh the
solution of (3.1) with ν = 0. Then there holds
‖uh − u‖Lip′ ≤ C(u0, T )h
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and
‖u− uh‖Lp(I) ≤ C(u0, T )h
1
2p
Proof. This follows from Theorem 4.1 and Corollary 4.1 of [32] once we have
verified that the scheme satisfies three properties:
1. The solutions uh are conservative: this follows immediately by testing with
vh = 1 in (3.1) and recalling that mass-lumping is conservative.
2. The solutions uh are Lip
′-consistent: we must verify that
‖uh(·, 0)− u(·, 0)‖Lip′ ≤ Ch (7.2)
and
‖∂tuh + 1
2
∂xu
2
h‖Lip′(x,[0,T ]] ≤ Ch. (7.3)
3. The solution uh and the intial data are Lip
+ stable and Lip+ bounded respec-
tively: the first part is a consequence of Lemma 3.1 and the second follows by
our choice of a smooth initial data. If the initial data is in the finite element
space it is enough to choose it Lip+ bounded.
It only remains to show that (7.2) and (7.3) are satisfied. The first follows since by
the orthogonality of the L2-projection
(uh(·, 0)− u(·, 0), (φ− φ¯)− Ih(φ− φ¯)) ≤ h‖uh(·, 0)− u(·, 0)‖L1(I)‖φ‖Lip.
To prove (7.3) we need to prove that the time derivative ∂tuh is bounded in L
1(I).
This bound is a consequence of the formulation (3.1) and Corollary 3.2
‖∂tuh‖L1(I) ≤ h
∑
i
|∂tuh(xi)| ≤ C(‖1
2
∂xu
2
h‖L1(I) + ‖h−1νˆ∂xuh‖L1(I))
≤ CU0‖∂xuh‖L1(I) ≤ CU0TV (u0). (7.4)
To prove (7.3) we note that by Galerkin orthogonality there holds, for all t,
(∂tuh +
1
2
∂xu
2
h, φ) = (∂tuh +
1
2
∂xu
2
h, φ− Ihφ)I +
∫
I
(∂tuhIhφ− (Ih(∂tuhIhφ)) dx
− (νˆ∂xuh, ∂xIhφ)I
≤ h(‖∂tuh‖L1(I) + U0‖∂xuh‖L1(I) + h‖∂x∂tuh‖L1(I) + h−1‖νˆ∂xuh‖L1(I))‖φ‖Lip.
Note that h‖∂x∂tuh‖L1(I) + h−1‖νˆ∂xuh‖L1(I) . ‖∂tuh‖L1(I) +U0‖∂xuh‖L1(I) and the
claim follows using the bounds of Corollary 3.2 and (7.4).
By interpolation estimates on the gradient may be obtained and by using post pro-
cessing pointwise error estimates may be obtained, we refer the interested reader to
[29, 32].
8. Numerical examples. In this section we will study two numerical examples
computed with ν = 0. We first consider a problem with smooth initial data
u0 =
1
2
(cos(πx) + 1).
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Fig. 8.1. Left smooth initial condition; right solution at T = 0.5
N ‖u− uh‖L1(I) ‖u− uh‖L2(I) |‖e˜‖|1 (∼ H−1(I)) |‖e˜‖|h (∼ L2(I))
100 2.5 · 10−3 3.6 · 10−3 3.0 · 10−4 3.2 · 10−3
200 6.7 · 10−4 (1.9) 1.0 · 10−3 (1.8) 7.0 · 10−5 (2.1) 9.5 · 10−4 (1.8)
400 1.8 · 10−4 (1.9) 3.0 · 10−4 (1.7) 1.7 · 10−5 (2.0) 2.9 · 10−5 (1.7)
800 4.6 · 10−5 (2.0) 8.9 · 10−5 (1.8) 4.2 · 10−6 (2.0) 8.7 · 10−6 (1.7)
Table 8.1
ǫ = O(10−16), smooth solution
We compute the solution at T = 0.5, before shock formation and compute the exact
solution on a mesh with 6400 mesh points using fixed point iteration. The intial
data and the final solutions are given in Figure 8.1. In Table 8.1 errors in several
different norms are presented on four consequtive meshes. Here ǫ = 0 to machine
precision. Experimental convergence rates are given in parenthesis. In the following
table (Table 8.2) we present the same results for ǫ = h. The results are similar,
with the difference that the regularized method gives second order convergence in
all norms, whereas the one without regularization exhibits a slight reduction in the
order in the L2-norm. This is not surprising since formally the order of the method
is h
3
2 and the unregularized method adds nonconsistent first order viscosity at local
extrema.
Now we consider a problem with non-smooth solution. The initial data and final
time exact solution is given in Figure 8.2. We compute the solution at T = 0.5
when the shock has formed. The exact solution is computed using the method of
characteristics on a mesh with 12800 elements. We present tables with the same
errors as in the previous case for the method without (Table 8.3) and with (Table
8.4) regularization. For this case there is even less difference between the two cases.
We observe first order convergence for the L1-error and the H−1-norm error and 1/2-
order convergence in the L2-norm. The computations clearly show how the weaker
norm behaves either as an L1-norm for δ = 1 or an L2-norm for δ = h. Intermediate
values of δ appears to interpolate between these two norms. This indicates that the
principle of our estimate, with the order depending on how δ is chosen with respect
to h is correct. A superconvergence of approximately half an order is observed for
all the computations with the nonsmooth solution, compared to what is predicted by
theory.
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